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Abstract
We investigate smooth affine surfaces with Gm-actions and A1∗-fibrations. We consider a smooth
affine surface with an untwisted A1∗-fibration over the affine line, and obtain a characterization of
the fibration is unique in terms of the boundary divisor of the surface. As an application of the
characterization, we know that a smooth affine surface admitting two independent Gm-actions is
isomorphic to A1∗ × A1∗ or A1 × A1∗ unless S has an A1-fibration over A1.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let S be a smooth affine surface defined over an algebraically closed field k of character-
istic zero. Let Ga (respectively Gm) denote the additive (respectively multiplicative) group
scheme over k, and let A1 (respectively A1∗) denote the affine line (respectively the affine
line with one point punctured). Given a Ga-action on S, the quotient morphism ρ :S → B
is an A1-fibration over an affine base curve B . Conversely, such an A1-fibration is given as
the quotient morphism of a certain Ga-action on S.
It is a well-known result of Bertin [1] that if ρ :S → A1 is an A1-fibration then ρ is a
unique fibration of this type if and only if the boundary dual graph Γ (V − S) of S is not
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results). This result has a consequence that if the Makar-Limanov invariant ML(S) of S
is trivial, i.e., if S has two independent Ga-actions, then the boundary graph Γ (V − S) is
linear.
We are interested in the structure of affine surfaces S when S admits two independent
A1∗-fibrations or Gm-actions. The geometry of affine surfaces admitting one Gm-action was
studied by Orlik–Wagreich [12] and Rynes [13], and the case admitting an A1∗-fibration
was done by Miyanishi in his several articles, e.g., [7–9,11]. In the case of Gm-actions,
only hyperbolic actions give rise to untwisted A1∗-fibrations over affine base curves, but
the converse is not necessarily the case. So, Gm-actions and A1∗-fibrations do not go in
parallel ways. If S admits two independent A1∗-fibrations or Gm-actions, the structure of
S gets restricted, and we can describe the structure of S. The present case needs more
complicated analysis of the boundary graph and singular fibers of the P1-fibrations which
are the extensions of A1∗-fibrations on smooth normal completions.
We can characterize the uniqueness of a given untwisted A1∗-fibration in terms of the
existence of branching components in the boundary divisor at infinity (see Theorems 3.1
and 3.2).
Furthermore, it is shown in Theorem 5.7 that an affine surface S admitting two inde-
pendent Gm-actions is isomorphic to A1∗ × A1∗ or A1 × A1∗ unless S has an A1-fibration
over A1.
We employ the following notations, where S is a smooth affine surface, V is a smooth
projective surface and D, D1, and D2 are divisors on V .
KV : the canonical divisor on V .
κ(S): the logarithmic Kodaira dimension of S.
Σn (n 0): the Hirzebruch surface of degree n.
Mn (n 0): the minimal section of Σn.
f ∗(D): the total transform of D, where f is a birational morphism from a smooth
projective surface to V .
f ′(D): the proper transform of D by f .
D1 ∼ D2: D1 and D2 are linearly equivalent.
Supp(D): the support of D.
An: the affine space of dimension n.
A1∗: the affine line with one point deleted off.
A1(n∗): the affine line with n points deleted off.
Pn: the projective space of dimension n.
Gm: the multiplicative group (scheme).
Ga : the additive group (scheme).
We assume throughout the present article that the ground field k is an algebraically
closed field of characteristic 0. Whenever we say curves and surfaces, we assume, un-
less otherwise mentioned, that they are smooth. Any (−1)-curve contained in a fiber of a
P1-fibration is called a (−1)-component.
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Let S be an affine surface over k. A surjective morphism ρ :S → B from S to a curve
B is called an A1∗-fibration if the general fibers of ρ are isomorphic to A1∗. A fiber F
of ρ is called singular if F is not isomorphic to A1∗ as a scheme. Let V be a projective
surface. A reduced effective divisor D is called an SNC-divisor (NC-divisor) if Supp(D)
has only simple normal crossings (respectively normal crossings) as singularities. For an
A1∗-fibration ρ :S → B as above, consider a pair (V ,p) of a completion S ↪→ V and a
P1-fibration p :V → C extending the A1∗-fibration ρ such that V is a projective surface,
C is a smooth completion of B and the reduced effective divisor D supported by V − S
is an SNC-divisor. We call such a pair (V ,p) a smooth normal completion of the A1∗-fib-
ration ρ :S → B and write simply as p :V → C. The divisor D then contains either one
2-section H or two cross-sections H1, H2 of p, where a 2-section signifies an irreducible
curve meeting a general fiber of p in two points. In the former (respectively the latter) case,
we say that ρ is twisted (respectively untwisted).
First of all, we recall basic properties of degenerate fibers of a P1-fibration.
Lemma 2.1. Let p :V → C be a P1-fibration from a projective surface onto a projective
curve C. Let F := n1C1 + · · · + nrCr be a reducible singular fiber of p, where the Ci are
irreducible components. Then we have:
(1) gcd(n1, . . . , nr ) = 1 and Supp(F ) =⋃ri=1 Ci is connected.
(2) For 1 i  r , Ci is isomorphic to P1 and (C2i ) < 0.
(3) For i = j , (Ci ·Cj ) = 0 or 1.
(4) For three distinct indices i, j and , Ci ∩Cj ∩C = φ.
(5) At least one of the Ci , say C1, is a (−1)-component.
(6) If one of the ni , say n1, is equal to 1, then there exists a (−1)-component among the
Ci with 2 i  r .
For any given A1∗-fibration, we can specify more precisely a smooth normal completion
as follows.
Lemma 2.2. Let ρ :S → B be an A1∗-fibration from a smooth affine surface onto a curve B .
Then we can take a smooth normal completion p :V → C of ρ satisfying the following
conditions.
(1) If ρ is untwisted, D = H1 + H2 +∑ri=1 Fi , where H1 and H2 are cross-sections of
p, each Fi is contained in a fiber of p, p(Fi) = p(Fj ) if i = j . If ρ is twisted, D is
written as D = H +∑ri=1 Fi , where H is a 2-section and the Fi are the same as in
the untwisted case. If ρ is untwisted, we may further assume that Fi ∼= P1 provided
p−1(p(Fi)) = Fi .
(2) If ρ is untwisted, there is no (−1)-component E in Fi with (E · D − E)  2, and
if ρ is twisted, each (−1)-component E in Fi satisfies either (E · D − E)  3 or
(E ·H) = (E · D − E) = 2.
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in the twisted case in order to make the divisor D an SNC-divisor. We say that p : V → C
is minimal if p satisfies the conditions (1) and (2) of Lemma 2.2.
The following lemma enables us to calculate the logarithmic Kodaira dimension of
affine surfaces with untwisted A1∗-fibrations over affine rational curves.
Lemma 2.3. Let B be an affine curve isomorphic to A1(n∗), n  0. Let ρ :S → B be an
untwisted A1∗-fibration from an affine surface S to B such that every fiber of ρ is of the form
nPCP with nP  1 and CP ∼= A1∗. Let ρ∗(Pi) = αiCPi (1  i  N) exhaust all singular
fibers of ρ. Then we have:
(1) κ(S) = −∞ if and only if n = 0 and N  1.
(2) κ(S) = 0 if and only if either n = 1 and N = 0, or n = 0, N = 2 and α1 = α2 = 2.
(3) κ(S) = 1 if and only if ∑Ni=1 α−1i < n+ N − 1.
Proof. Let p :V → C be a minimal smooth normal completion of ρ. Let Φi := p∗(Pi)
and Fi = CPi for 1  i  N . Write P1 − B = {Q1, . . . ,Qn,Q∞}, and set j := p∗(Qj )
for 1  j  n and ∞ = p∗(Q∞). With the notations in Lemma 2.1 and by virtue of the
proof in [8, page 81], we have
D +KV ∼ 1 + · · · + n + ∞ +
N∑
i=1
Φi −
N∑
i=1
Fi + p∗(KP1)
 1 + · · · + n + ∞ +
N∑
i=1
(
1 − 1
αi
)
Φi + p∗(KP1),
where the difference of the second and third terms are effective Q-divisors supported by
connected components with negative definite intersection forms.
Set
A :=
(
1 + · · · + n + ∞ +
N∑
i=1
(
1 − 1
αi
)
Φi + p∗(KP1) ·H1
)
= n +N − 1 −
N∑
i=1
1
αi
.
By an argument similar to the one in [8, page 96], we then have κ(S) = −∞,0 and 1
according as A < 0,A = 0 and A > 0. Noting that every αi  2, we see that A < 0 if and
only if n = 0 and N  1 and that A = 0 if and only if either n = 1 and N = 0, or n = 0,
N = 2 and α1 = α2 = 2. 
For the purpose to calculate the logarithmic Kodaira dimension of an affine surface with
any untwisted A1∗-fibration, we need the following result [6].
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Let E be a (−1)-curve on V satisfying E ⊂ Supp(D) and (E ·D) = 1. Then
κ(V −D) = κ(V − (D + E)).
Furthermore, if E is a (−1)-component of D with (E ·D −E) 2, then
κ(V − D) = κ(V − D),
where V is obtained from V by contracting E and D is the image of D.
In [9], an A1∗-fibration are classified as follows.
Lemma 2.5. Let ρ :S → B be an A1∗-fibration on an affine surface S over a curve B . Let F
be a singular fiber of ρ, which is, by definition, a fiber not isomorphic to A1∗ as a scheme.
Then F is written as a divisor in the form F = Γ +∆, where
(1) Γ = 0, Γ = αΓ1 with α  1 and Γ1 ∼= A1∗, or Γ = α1Γ1 +α2Γ2, where α1  1, α2  1,
Γ1 ∼= Γ2 ∼= A1, and Γ1 and Γ2 meet each other transversally in a single point;
(2) ∆  0, and Supp(∆) is a disjoint union of connected components isomorphic to A1
provided ∆> 0.
Using Lemmas 2.3, 2.4 and 2.5, we shall look into a surface S with κ = 0 which has an
untwisted A1∗-fibration ρ :S → B over an affine rational curve.
Let p :V → C be a minimal smooth normal completion of ρ. Let F be a singular fiber
of ρ and let Φ := p∗(ρ(F )). With the notations of Lemma 2.5, suppose that ∆> 0. Let A
be an irreducible component of ∆, where A ∼= A1. Then the closure A of A in V meets D in
one point transversally. If (A2) < −1, then there is another A with (A2) = −1 since S is a
smooth affine surface. So, we may assume that A is a (−1)-curve, and then by Lemma 2.4,
we can contract it without affecting κ(S). Namely, we may assume that A with (A2) = −1
does not exist as long as κ(S) concerns. Then the contractions of such A and consecutively
contractible components in D will remove all such A. This operation can be done without
affecting κ(S). Hence, in order to consider κ(S), we may assume that ∆ = 0 in all singular
fibers of ρ. If n = 1 and N = 0 in the notations of Lemma 2.3, then B ∼= A1∗ and ρ :S → B
is an A1∗-bundle. Hence S is isomorphic to A1∗ ×A1∗. If n = 0, N = 2 and α1 = α2 = 2, S is
isomorphic to a surface H [−1,0,−1] in the list of Fujita’s classification of surfaces with
κ = 0 (cf. [3]). This observation gives rise to the following result.
Lemma 2.6. Let S be an affine surface with κ = 0. Suppose that S has an untwisted A1∗-fib-
ration ρ :S → B over an affine rational curve B . Then S contains an open subset U such
that U is isomorphic to either A1∗ × A1∗ or a surface H [−1,0,−1], and S − U consists of
a disjoint union of the affine lines. Furthermore, any singular fiber F = Γ + ∆ (see the
notations of Lemma 2.5) of ρ has non-empty intersection with U provided Γ = 0.
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We shall consider an affine surface with two A1∗-fibrations. In this section, we treat the
case where one of the two A1∗-fibrations, say q1, is untwisted and another, say q2, is twisted.
The following lemma states that affine surfaces S(0), S(1) and S(2) stated below the
proof of Lemma 2.7 are determined by the configurations of boundary divisors of the affine
surfaces without depending on the degrees of the Hirzebruch surfaces.
Lemma 2.7. Let V = Σn be the Hirzebruch surface of degree n. Let M be the minimal
section and let  be a fiber. Suppose that there exists a smooth rational curve L which is
a 2-section of the P1-fibration of V . Then n = 0 or 1, L ∼ 2M + (n + 1), and (L2) = 4.
Suppose furthermore that we are given a fiber 0. Then, by a birational transformation
with center at L ∩ 0, we may assume without changing the configuration of the L + 0
that n = 0.
Proof. Since L is a 2-section, we may write L ∼ 2M + a with a > 0. Since L is
irreducible and L = M , we have a  2n. By the arithmetic genus formula, we have
pa(L) = a − (n + 1), which is zero by the hypothesis. Hence a = n + 1. Then it follows
that n = 0 or 1. It is easy to see that (L2) = 4.
Take a point P of L∩0 and blow-up the point P . Then blow-down the proper transform
of 0. Then one can readily verify that the obtained surface V ′ is the Hirzebruch surface
Σ0 and the image of L is linearly equivalent to 2M ′ + L′, where M ′ and L′ are a minimal
section and a fiber on Σ0. 
With the notations of the above lemma, we denote by S(1) (respectively S(2)) the affine
surface Σ0 − (L + 0), where L ∩ 0 consists of one (respectively two) points. In both
cases, a twisted A1∗-fibration q2 by the vertical P1-fibration. An untwisted A1∗-fibration q1
on each of surfaces S(1) and S(2) is given as follows. In the case of S(1), let P0 = L ∩ 0
and let P1 be a point of L which is distinct from P0. Let µ :W → Σ0 be the blowing-ups
of P0, P1 and infinitely near points P ′0 (respectively P ′1) of order 1 to P0 (respectively P1)
which lie on the proper transform of L. Write µ−1(Pi) = Ei1 + Ei2 with (E2i2) = −1 for
i = 0,1. Since (µ′(L)2) = 0, the linear pencil |µ′(L)| defines a P1-fibration q1 :W → P1
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A1∗-fibration over the affine line. In the case of S(2), let P0 = L ∩ 0 and P1 = L ∩ 1.
Proceeding to the above argument and notations as in the case of S(1), we know that the
linear pencil |µ′(L)| defines a P1-fibration W → P1 whose restriction on S is an untwisted
A1∗-fibration over A1. An easy computation shows that κ(S(1)) = −∞ and κ(S(2)) = 0.
In fact, S(2) contains an open set isomorphic to A1∗ × A1∗. We have to consider one more
surface S(0) which is Σ0 − (L+ 0 + 1), where L and 0 are as in the case of S(1) and 1
is a fiber meeting L in one point. Let P0 = L∩0 and P1 = L∩1. Proceeding to the above
argument and notations as in the case S(1), we know that the linear pencil |µ′(L)| defines
a P1-fibration W → P1 whose restriction on S is an untwisted A1∗-fibration over A1. The
restriction of q2 on S is a twisted A1∗-fibration. Then κ(S(0)) = 0 and S(0) coincides with
H [−1,0,−1].
The following result will describe the structure of an affine surface as we consider
above.
Theorem 2.8. Let S be an affine surface with two A1∗-fibrations ρi :S → Bi over affine
curves Bi for i = 1,2, where ρ1 is untwisted and ρ2 is twisted. Then we have the followings.
(1) B2 ∼= A1∗ or A1.
(2) In the case where B2 is isomorphic to A1∗, if ρ2 has singular fibers, the singular fibers
are given as
Γ1, . . . ,Γr ,
where Γi = Γ (1)i + Γ (2)i , Γ (1)i ∼= Γ (2)i ∼= A1, and Γ (1)i and Γ (2)i meet each other
transversally in a single point for 1 i  r .
(3) In the case where B2 is isomorphic to A1, if ρ2 has singular fibers, the singular fibers
are given as
Γ1, . . . ,Γr ,Γ +∆,
where Γi (1 i  r) have the same forms as in the assertion (2); Γ  0, and Γ ∼= A1∗
or Γ = Γ (1) + αΓ (2) with α  1, Γ (1) ∼= Γ (2) ∼= A1, and Γ (1) and Γ (2) meet each
other transversally at a single point provided Γ > 0; ∆ 0 and Supp(∆) is a disjoint
union of connected components isomorphic to A1 provided ∆> 0.
(4) S contains an open subset U such that U is isomorphic to one of S(0), S(1) and S(2)
and S − U is a disjoint union of the affine lines.
(a) In the case where B2 ∼= A1∗, with the notations in the assertion (2), the open subset
S −⋃ri=1 Γ (2)i of S is isomorphic to S(2).
(b) In the case where B2 ∼= A1, with the notations in the assertion (3), we have the
followings.
(b-1) If Γ > 0, we have
S −
r⋃
Γ
(2)
i ∪ Supp
(
Γ + ∆− Γ (1))∼= S(1) or S(2).i=1
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S −
r⋃
i=1
Γ
(2)
i ∪ Supp(∆) ∼= S(0).
Remark 2.9. The given A1∗-fibrations ρ1 may differ from q1 on the surface S(0), S(1) or
S(2), while q2 = ρ2|U .
Proof. The general fibers of ρ1 and ρ2 intersect transversally since ρ1 is untwisted and ρ2
is twisted. So, κ(B2)  0. Hence B2 is isomorphic to A1∗ or A1. Thus the assertion (1) is
verified.
We prove the assertions (2), (3) and (4) by several steps. Let p :V → P1 be a minimal
smooth normal completion of ρ1. Let Λ be the linear pencil defined by ρ2 on V . Namely,
Λ is generated by the closures of general fibers of ρ2. The fibration ρ2 extends to a rational
mapping π :V · · · → P1. We consider two cases separately.
Case 1. Suppose that Λ has no base points. Hence π is a P1-fibration. Take a full fiber ∞
of p lying outside of S. Then ∞ is a smooth fiber by the minimality of p (cf. Lemma 2.2).
We claim that ∞ is transversal to the morphism π , and hence is a 2-section of π . For
otherwise, ∞ is contained in a fiber of π . Since (2∞) = 0, ∞ is a full fiber of π as
well. So, the P1-fibrations p and π are the same, which is a contradiction. Note that ∞
is a 2-section of π because ρ2 is assumed to be twisted. Furthermore, the above argument
shows that ∞ is a unique full fiber of p lying outside of S. Hence the base curve B1 is
isomorphic to A1.
By the minimality of the completion p :V → P1, the fiber ∞ meets exactly two cross-
sections, say H1 and H2, of p. Hence (∞ · D − ∞) = 2. Set {P } = ∞ ∩ H1 and {Q} =
∞ ∩ H2. Since D has simple normal crossings as singularities, P is distinct from Q.
Let FP (respectively FQ) be the fiber π∗(π(P )) (respectively π∗(π(Q))). Denote by DP
(respectively DQ) the sum of the components of D which are contained in the fiber FP
(respectively FQ). Since
2 = (∞ ·D − ∞) = (∞ · DP + DQ),
we have (∞ · DP ) = (∞ ·DQ) = 1.
1-1. Consider first the case where B2 ∼= A1∗. That is both DP and DQ support different
full fibers FP and FQ. By a suitable sequence of contractions of components of FP and
FQ, we can make FP and FQ smooth fibers which are tangent to the proper transform ′∞
of ∞. In the process, we contract fiber components of π . So, π induces a P1-fibration
π ′ :V ′ → P1 whose restriction on S coincides with ρ2, and π ′ has only two smooth fibers
outside of S which are tangent to the 2-section ′∞ of π ′. We claim that the form of any
singular fiber of π ′ is given as E1 +E2, where E1 ∼= E2 ∼= P1, E1 meets E2 transversally
at a point, and E1 ∩ S ∼= E2 ∩ S ∼= A1. Note that V ′ − S has just 3 irreducible components
′∞, FP and FQ since (D−∞)∩∞ = {P,Q}. So, each singular fiber F ′ of π ′ is written,
with the notations in Lemma 2.5, as a divisor in the form F ′ = Γ +∆, where Γ and ∆ are
R. Tanimoto / Journal of Algebra 285 (2005) 73–97 81closures as divisors of Γ and ∆ respectively. Note that Γ > 0. In fact, Γ = 0 implies that
the fiber π ′ −1 (π ′(∆)) of π ′ is not connected. This contradicts Lemma 2.1(1). Note that
∆ = 0 since ′∞ is a 2-section of π ′. Thus we have F ′ = Γ . If Γred is irreducible, we have
Γ = αΓ1, where Γ1 ∼= A1∗ and α  2. Thus (′∞ · Γ ) = 2α  4. This contradicts ′∞ is a
2-section of π ′. Hence, Γred is reducible and F ′ is given as the above form. At this stage,
if ′∞ is not smooth, the singular points of ′∞ appear on FP or FQ. We can eliminate
these singular points by a suitable succession of elementary transformations with centers
on singular points of ′∞ and its proper transforms. By this process, π ′ is replaced by a
P1-fibration π ′′ :V ′′ → P1 whose restriction on S coincides with ρ2, the proper transform
′′∞, F ′′P and F ′′Q of ′∞, FP and FQ respectively are smooth, and F ′′P and F ′′Q are tangent
to ′′∞. Furthermore, this process does not affect each singular fiber of π ′. Hence the form
of each singular fiber of π ′′ coincides with that of π ′. So, for each singular fiber of π ′′, we
contract one of two components. Now we obtain an open subset U of S which is isomorphic
to S(0), and S −U is a disjoint union of the affine lines. Furthermore, the above argument
shows that the singular fibers of ρ2 are given as Γi (1 i  r), where Γi = Γ (1)i + Γ (2)i ,
Γ
(1)
i
∼= Γ (2)i ∼= A1, and Γ (1)i and Γ (2)i meet each other transversally in a single point. We
may assume here that Γ (2)i (1 i  r) are deleted off in the process of obtaining the open
subset S(0) of S. Hence S − U =⋃ri=1 Γ (2)i . Thus the assertions (2) and (4) are verified
under this case.
In the case where B2 is isomorphic to A1, we consider two subcases separately.
1-2. DP supports a full fiber FP , while DQ is a proper subset of a full fiber FQ.
1-3. DP and DQ are contained in one and a same full fiber F of π .
1-2. Proceeding to the case 1-1, by a suitable contractions of components of FP and
elementary transformations with centers on 2-sections which lie outside of S, we may
assume that FP and ∞ are smooth and FP is tangent to ∞.
We decompose the fiber ρ∗2 (ρ2(FQ)) of ρ2 into Γ +∆ with the notations of Lemma 2.5.
It means that in case the fiber is smooth, ρ∗2 (ρ2(FQ)) = Γ and Γ ∼= A1∗.
We first consider the case where Γ > 0. Hence, Γ = αΓ (1) with α  1 and Γ (1) ∼= A1∗,
or Γ = α1Γ1 + α2Γ2 with α1, α2  1, Γ1 ∼= Γ2 ∼= A1, and Γ1 and Γ2 meet each other
transversally at a single point. We denote by Γ the closure of Γ . Note that Γ intersects ∞.
In fact, if Γ does not meet ∞, there are at least three irreducible components of D which
meet ∞. So, the general fibers of ρ1 have three points outside of S. This contradicts that
ρ1 is an A1∗-fibration. Here, we denote by E the irreducible component of Γ which meets
∞. Thus we have 1 (∞ · E) 2. If (∞ · E) = 1, there is an irreducible component E˜
of FQ such that (∞ · E˜) = 1 and E˜ = E. Since ∞ is a 2-section of π , we have
2 = (∞ · FQ) = (∞ · mE)+
(
∞ · m˜E˜
)= m+ m˜,
where m and m˜ are the multiplicities of E and E˜ in FQ. So, the multiplicity of E in FQ is
one. On the other hand, if (∞ ·E) = 2, we have
2 = (∞ · FQ) = (∞ ·mE) = 2m,
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E in FQ is one. Hence, by Lemma 2.1(6), we can contract components of FQ except for
E so that the proper transform of E is a smooth fiber and intersects ∞ at two distinct two
points. By the contractions, π is replaced by a P1-fibration π ′ such that each singular fiber
of π ′ consists of two irreducible curves which meet S and intersect each other at a point
transversally. For each singular fiber of π ′, contracting one of two components, we know
that S contains an open subset U which is isomorphic to S(1) and S −U is a disjoint union
of the affine lines. Thus the assertions (3) and (4) are verified under this case.
We next consider the case where Γ = 0. In other words, each irreducible component
E of FQ meeting S satisfies S ∩ E ∼= A1. Hence any singular fiber of π except for FQ is
written in the form E1 + E2, where E1 ∼= E2 ∼= P1, (E21) = (E22) = −1, and E1 and E2
meet each other at a single point transversally. By deleting one of two components E1 and
E2 of the singular fibers from S and deleting ∆ from S, we obtain an open subset U of
S which is isomorphic to S(0) and S − U is a disjoint union of the affine lines. Thus the
assertions (3) and (4) are verified under this case.
1-3. Suppose that DP and DQ are contained in one and the same fiber F of π . Note that
P is distinct from Q since D has simple normal crossings as singularities. If Supp(F ) =
DP +DQ, then the base curve B2 is complete, and this case is excluded. Hence Supp(F ) =
DP + DQ. Then, after making F a smooth fiber by a suitable sequence of contractions
of the components of DP + DQ, there might remain a singular fiber E1 + E2 such that
(E21) = (E22) = −1 and (∞ · E1) = (∞ · E2) = 1. In such a case, we contract E1 or E2.
Hence S contains S(2) as an open set, whose complement in S is a disjoint union of the
affine lines. Proceeding to the case 1-1, we already know the assertions (3) and (4) are
verified under this case.
Case 2. Suppose that Λ has base points. Since ρ2 is twisted, Λ has only one-place base
points. Namely, general fibers have only one common point as long as Λ as well as
its proper transform has base points, and the last (−1)-curve becomes a 2-section. Let
µ :W → V be the shortest succession of blowing-ups with centers at base points of Λ
such that the proper transform µ′(Λ) has no base points. Since the base points lie outside
of S, we have a natural open immersion S ↪→ W . Let ∆ be the reduced effective divisor
such that Supp(∆) = W − S. Then ∆ is an SNC-divisor by the construction. Let E be the
last (−1)-curve, and let π ′ :W → P1 be the P1-fib ration defined by µ′(Λ).
The first base point, say P , does not lie on ∞. Then (µ′(∞)2) = 0, and µ∗(∞) is
transversal to the fibration π ′ by the same reasoning as in Case 1. Since E is a 2-section of
π ′ as well, a general fiber of π ′ has at least three points missing on S. This is a contradic-
tion.
2-1. Consider the case where B2 ∼= A1∗. The E is not a terminal component (or an end
component, in other words) of ∆. If E is a terminal component of ∆, ∆ − E has at most
one full fiber of π ′. This is a contradiction. Then ∆ − E has two connected components
which support two full fibers of π ′. Proceeding to the argument as in the case 1-1, we know
that the assertions (2) and (4) are verified under this case.
2-2. Consider the case where B2 ∼= A1. We treat two subcases that E is a terminal
component of ∆ and not so.
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a full fiber F ′ of π ′. Then, after a suitable succession of contractions, the fiber F ′ is a
smooth fiber which meets the image of E in one point. Proceeding to the argument in the
case 1-2, we know that S contains an open set S(1). Thus the assertions (3) and (4) are
verified under this case.
Suppose that P ∈ ∞ and E is not a terminal component of ∆. Then ∆ − E has two
connected components ∆1 and ∆2. Since the base curve of ρ2 is the affine line, one of the
connected components, say ∆1, supports a full fiber of π ′. Since B2 ∼= A1, ∆2 does not
support a full fiber. Then, changing the notations ∆1 and ∆2 with DP and DQ respectively
and arguing as in the case 1-2, we know that the assertions (3) and (4) are verified in this
case also. We complete the proof. 
The following easy remark will be used in Theorem 3.1 below.
Lemma 2.10. Let V be a projective surface and let D be a reduced effective SNC-divisor.
Let p :V → P1 be a P1-fibration satisfying the following conditions.
(1) p(E) = P1, for each (−1)-component E of D with (E · D −E) 2.
(2) (C2) = 0, if C is an irreducible component of D such that p(C) is a point.
Then the restriction p|V−D :V − D → P1 is surjective.
Proof. Suppose to the contrary that p|V−D is not surjective. Then there is a full fiber F
of p consisting of components of the divisor D. Since (F 2) = 0, F is not irreducible, by
the condition (2). Hence F contains a (−1)-component E of D such that (E ·D −E) 2.
This contradicts the condition (1). 
3. Affine surfaces with untwisted A1∗-fibrations over affine curves
Let ρ :S → B be an untwisted (respectively twisted) A1∗-fibration from an affine sur-
face onto an affine curve B . We say that ρ is a unique untwisted (respectively twisted)
A1∗-fibration over an affine curve if for any untwisted (respectively twisted) A1∗-fibration
ϕ :S → B ′ from S onto an affine curve B ′, there exists an isomorphism τ :B → B ′ such
that τ ◦ ρ = ϕ.
We shall consider the uniqueness of any given A1∗-fibration ρ :S → B over an affine
curve B . We first consider the case κ(B) = 1. Since there are no dominant morphisms
from A1∗ to such a curve B , the A1∗-fibration ρ is a unique A1∗-fibration. So, we have only
to consider the case where the base curve has κ  0. Namely, B is isomorphic to A1 if
κ = −∞ and A1∗ if κ = 0.
In the case B ∼= A1, we have the following result.
Theorem 3.1. Let ρ :S → B be an untwisted A1∗-fibration from an affine surface S to the
affine line B and let p :V → P1 be a minimal smooth normal completion of ρ. With the
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A1∗-fibration on S over an affine curve.
Proof. Let ϕ :S → B ′ be an untwisted A1∗-fibration over an affine curve B ′. Let Λ be the
linear pencil on V defined by ϕ. Let µ :W → V be the shortest succession of blowing-ups
with centers at base points (including infinitely near base points) of Λ such that the proper
transform µ′(Λ) of Λ has no base points. Let P0,P1, . . . ,Pn exhaust all base points of Λ
(including infinitely near base points). Since a general member of Λ has two places on the
boundary divisor D, we may assume that one of the following cases occurs.
(1) Λ has no base points.
(2) There is only one ordinary point P0. The point Pi is an infinitely near point of Pi−1 of
order one for 1 i  n. Hence one of two places of a general member starts to move
freely already on V or after blowing up the point Pr for some 0 r  n.
(3) There is only one ordinary point P0. Each point Pi is an infinitely near point of Pi−1
of order one for 1 i  s, Ps+1 is an infinitely near point of Pr of order one for some
r < s, and Pi is an infinitely near point of Pi−1 of order one for s + 2 i  n. Hence
there appear two distinct base points after blowing up the point Pr .
(4) There are only two ordinary points of P0 and Ps+1 on V , and Pi is an infinitely near
point of Pi−1 of order one for 1 i  s and s + 1 < i  n. Hence each member of Λ
passes through two base points P0 and Ps+1.
Set Q∞ the point at infinity of B and ∞ := p−1(Q∞) which is a smooth fiber of p by the
conventions in Lemma 2.2.
We first consider the case (1). Take a general member C of Λ. Suppose that (∞·C) 1.
We shall show that this leads to a contradiction. Let q :V → P1 be the P1-fibration de-
fined by Λ. Since ϕ is an untwisted A1∗-fibration, (∞ · C) = 1. So, ∞ is a cross-section
of q . By making use of Lemma 2.10, we shall show that q(S) = P1. Let E be a (−1)-
component of D with (E ·D−E) 2. Since (D−Hi ·Hi) 3 for i = 1,2, it follows that
E = H1 nor E = H2. Hence E is contained in a fiber of p. Then by the minimality of p,
(E · D − E) 3. Hence there is no (−1)-component E of D such that (E · D − E) 2.
Hence the condition (1) of Lemma 2.10 holds. Next let C be an irreducible component of
D such that q(C) is a point. So, C = ∞, since ∞ is a cross-section of q . If C is con-
tained in a fiber of p, then (C2) < 0. Suppose that C is H1 or H2, say H1. Then H1 is a
fiber component of q because q(C) is a point. Further, if (H 21 ) = 0, then H1 is a full fiber
of q . Meanwhile, the hypothesis (H1 ·D −H1) 3 implies that H1 has three places lying
outside of S. Hence ϕ is not an A1∗-fibration. So, H1 is not a full fiber, and (H 21 ) < 0. Thus
the condition (2) is met. By Lemma 2.10, ϕ is parametrized by P1. This is a contradiction
to the hypothesis that the base curve B of ϕ is affine. Hence (∞ · C) = 0 and Λ = |∞|.
Then there exists an automorphism f of P1 such that p = f ◦ q . So, the A1∗-fibrations ρ
and ϕ differ only by the coordinate change of the base curves B and B ′.
We shall next show that the case (3) cannot occur. Let ∆ be the reduced effective divisor
on W such that Supp(∆) = W − S. Hence ∆ contains exactly two µ-exceptional (−1)-
curves. We denote them by E1 and E2. Let q : W → P1 be the P1-fibration defined by the
proper transform µ′(Λ). Since Λ has two distinct base points in the mid-step of µ, E1 and
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the point P0 lies.
(3-1) P0 /∈ ∞. Then µ′(∞) is disjoint from a general member of Λ. Hence
(µ′(∞)2) = (2∞) = 0 and µ′(∞) is a full fiber of q , while µ′(∞) does not meet E1
and E2. This is a contradiction.
(3-2) P0 ∈ ∞ and P0 /∈ H1 nor P0 /∈ H2. Then ∞ +H1 +H2 is contained in the same
member of Λ. Hence (H 2i ) < 0 for i = 1,2 and (µ′(∞)2) < 0. So, q has no smooth fiber
lying outside of S, and there is no (−1)-component E of ∆ with (E · ∆ − E) 2 except
for the case E = E1 or E = E2, where q(E) = P1. By virtue of Lemma 2.10, we know
that ϕ is parametrized by P1. So, this case cannot occur.
(3-3) P0 ∈ ∞ ∩ H1. Suppose (µ′(∞)2)  −2. We shall then show that there is no
(−1)-curve, say E, such that E ⊂ ∆, E is a fiber component of q and (∆ − E · E)  2.
In fact, the only (−1)-curves appearing in the process µ are E1 and E2, which are not
fiber components of q . So, E is the proper transform of an irreducible component of D if it
exists. The curve µ′(H1) cannot be such an E, because (D−H1 ·H1) 3. Furthermore, the
minimality of the completion p :V → P1 implies that there are no such (−1)-components
in the fibers of p. Since (D − H1 · H1)  3, µ′(H1) cannot become a full fiber of q . If
so, q has at least three sections outside of S. This contradicts that the general members of
ϕ = q|S are isomorphic to A1∗. Hence, there are no full irreducible fibers of q contained
in ∆. So, ρ is parametrized by P1 by Lemma 2.10 and this case cannot occur. So, we may
assume that (µ′(∞)2) = −1. Since ϕ is parametrized by the affine curve B ′, q also has a
full fiber F whose components are contained in the boundary divisor ∆. Then F cannot
be irreducible. If so, F is a component of ∆ meeting only E1 and E2, and there is no
such a curve. Hence F is reducible. It follows that F contains a (−1)-component E such
that (∆ − E · E) 2. By the minimality of p, E = µ′(∞). We contract this component
E first, and subsequently contractible exceptional curves to make F a smooth fiber, while
preserving the normality of the boundary divisor. In the succession of contractions of the
components of F , we must contract the proper transform of H1 or H2 on an appropriate
projective surface. Since H1 or H2 is a branching component of D, this is impossible.
We shall consider the case (4). We shall three cases to consider separately according to
where the points P0 and Ps+1 are positioned.
(4-1) P0 /∈ ∞ and Ps+1 /∈ ∞.
(4-2) P0 ∈ ∞ and Ps+1 /∈ ∞.
(4-3) P0 ∈ ∞ and Ps+1 ∈ ∞.
The cases (4-1), (4-2) and (4-3) cannot occur by the same reasonings as for the cases (3-1),
(3-2) and (3-3), and (3-3) respectively.
We finally consider the case (2). Let ∆ be the reduced effective divisor with Supp(∆) =
W − S. Let q be the P1-fibration defined by the linear pencil µ′(Λ). Let V0 := V and
µi :Vi → Vi−1 be the blowing-up with center Pi−1 for 1 i  n+ 1. Set
Ei := (µi+1 ◦ · · · ◦ µn+1)′
(
µ−1(Pi−1)
)
, 1 i  n + 1.i
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We shall prove that P0 ∈ ∞. Suppose that P0 /∈ ∞. Choose a (−1)-component E of ∆.
If E ⊂ Supp(µ′(D)), then E is not µ-exceptional and (µ∗(E)2)−1. It follows that E =
µ′(H1) or µ′(H2), and (E · ∆ − E) 3. If E ⊂ Supp(∑n+1i=1 Ei), then E = En+1, which
is a cross-section of q . Hence if we take a (−1)-component E of ∆ with (E ·∆−E) 2,
E = En+1 and q(E) = P1. Thus q satisfies the condition (1) of Lemma 2.10. We claim that
q(µ′(∞)) = P1. In fact, note that (µ′(∞)2) = 0. If µ′(∞) is contained in a fiber of q ,
then µ′(∞) is a full fiber of q , and ∞ is a member of Λ while the base point P0 does not
lie on ∞. This is a contradiction. Hence q satisfies the condition (2) of Lemma 2.10. This
contradicts the hypothesis that ϕ is parametrized by the affine curve B ′.
We shall next show that P0 ∈ H1 or H2. Suppose the contrary. Then P0 /∈ H1 nor
P0 /∈ H2. Choose a (−1)-component E of ∆ with (E · ∆ − E)  2. By the minimality
of p, E = En+1. Then q(E) = P1 because En+1 is a cross-section of q :W → P1. So, the
fibration q satisfies the condition (1) of Lemma 2.10. Note that µ′(H1) is not a full fiber
of q . In fact, if µ′(H1) is a full fiber of q , by the assumption, q has at least three sections
outside of S. This contradicts that ϕ = q|S is an untwisted A1∗-fibration. Since there is no
component C of ∆ with (C2) = 0 except for µ′(H1) and µ′(H2), the fibration q satisfies
the condition (2) of Lemma 2.10. By the same reason as above, this is a contradiction.
It follows from the preceding arguments that P0 is either ∞ ∩ H1 or ∞ ∩ H2. If
n = 0, then µ = µ1, where n + 1 is the number of base points. Let ν :W → W be the
contraction of the component µ′(∞). Set ∆ := ν∗(∆) and Λ := ν∗(µ′(Λ)). Since Λ
has no base points, this case is reduced to the case (1). Hence there is an isomorphism
τ from B to B ′ such that τ ◦ ρ = ϕ. We consider the case n > 0. We shall show that
P1 /∈ µ′1(∞) ∩ µ−11 (P0). Suppose to the contrary that P1 ∈ µ′1(∞) ∩ µ−11 (P0). Then any
(−1)-component E of ∆ with (E · ∆ − E) 2 must be equal to En+1. Hence q satisfies
the condition (1) of Lemma 2.10. Since there is apparently no irreducible component of
∆ which is a smooth fiber of q , the condition (2) of Lemma 2.10 is satisfied. So, ϕ is
parametrized by P1. This is a contradiction as above. Hence we know that (µ′(∞)2) = −1.
Set ν :W → W be the contraction of the component µ′(∞), ∆ := ν∗(∆) and Λ :=
ν∗(µ′(Λ)). Let µ :W → V (1) be the natural birational morphism induced by µ, where
V (1) is the projective surface obtained from V1 by contracting µ′1(∞). Let Λ(1) := µ∗(Λ)
be the linear pencil on V (1). The minimum number of blowing-ups which we need to
eliminate the base points of Λ(1) is less than that of Λ. Using the induction on the minimum
number of blowing-ups which we need to eliminate the base points of the linear pencil
defined by the given untwisted A1∗-fibration, we conclude that ρ is a unique untwisted
A1∗-fibration over an affine curve. 
We shall show that the converse of Theorem 3.1 holds.
Theorem 3.2. Let ρ :S → B be an untwisted A1∗-fibration from an affine surface onto
the affine line B . Let p :V → P1 be a minimal smooth normal completion of ρ. With the
notations in Lemma 2.2, if ρ is a unique untwisted A1∗-fibration over an affine curve, then
(Hi · D − Hi) 3 for i = 1,2.
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(H1 · D − H1)  2. Since ρ is parametrized by A1, there is an irreducible full fiber F1
of p such that F1 ∩ S = ∅. Note that (H1 ·D −H1) 1 because (H1 · F1) = 1.
We first consider the case (H1 · D − H1) = 1. By a succession of elementary trans-
formations with centers on the points of F1, we may assume that (H 21 ) = −1. Take a
point P ∈ F1 which does not belong to the components H1 and H2. Let µ1 :V1 → V
be the blowing-up with center P and µ2 :V1 → V2 be the contraction of the compo-
nent µ′1(H1). Set ∞ := (µ2)∗(µ′1(F1)) and D∞ := (µ2)∗(µ′1(D)). Then (2∞) = 0 and
(∞ · D∞ − ∞) = 2. Thus S has another untwisted A1∗-fibration over the affine line. This
is a contradiction.
We next consider the case (H1 ·D −H1) = 2. We may assume that (H2 ·D −H2) 2.
We have three cases to consider.
(1) (H1 · H2) 1.
(2) (H1 · H2) = 0 and (H2 ·D −H2) 3.
(3) (H1 · H2) = 0 and (H2 ·D −H2) = 2.
We first consider the case (1). Then (H1 · H2) = 1. In fact, since 2 = (D − H1 · H1)
(H2 +F1 ·H1), we have (H1 ·H2) = 1. By a succession of elementary transformations with
centers at the points of F1, we may assume that the horizontal component H1 of p satisfies
(H 21 ) = 0. Hence the complete linear system |H1| defines a P1-fibration q :V → P1. Since
(F1 · D − F1) = 2, D contains no full fibers of q other than H1. Then S has another
untwisted A1∗-fibration over the affine line.
Now we consider the cases (2) and (3). By a succession of elementary transforma-
tions with centers on points of F1, we may assume that the horizontal component H1 of p
satisfies that (H 21 ) = −1. Let Q := F1 ∩ H2. Let µ :W → V be the blowing-up with cen-
ter Q. Let EQ := µ−1(Q). Let ν :W → W be the contraction of the component µ′(H1).
Since (ν∗(µ′(F1))2) = 0, the complete linear system |ν∗(µ′(F1))| defines a P1-fibration
Φ :W → P1. Denote by ϕ the restriction of Φ onto S. Let ∆ be a reduced effective di-
visor on W such that Supp(∆) = W − S. Denote by H ′2 the proper transform of H2 on
W, and by E′Q that of EQ. In the case (2) and (3), we shall show that ϕ is an untwisted
A1∗-fibration on S over the affine line.
We consider the case (2). We have (H ′2 ·∆−H ′2) 3 by the hypothesis. The minimality
of D shows that the fiber Φ∗(Φ(H ′2)) is not wholly contained in ∆ because any (−1)-
component E in Φ∗(Φ(H ′2)) satisfies that (E · ∆ − E)  3 provided E is a component
of ∆, which is not the case. Since ν∗(µ′(F1)) is the only full fiber outside of S, ϕ is
parametrized by the affine line.
We finally consider the case (3). Take a (−1)-component E of Φ∗(Φ(H ′2)). By the
minimality of p, E is necessarily equal to H ′2. Since E′Q is a cross-section of Φ , E has
multiplicity 1 in the fiber Φ∗(Φ(H ′2)). By the minimality of p, each irreducible component
C of Φ∗(Φ(H ′2))−E satisfies (C2)−2 provided C is a component of ∆. Hence the fiber
Φ∗(Φ(H ′2)) is not wholly contained in the boundary divisor ∆. Since F1 is the only full
fiber outside of S, ϕ is parametrized by the affine line. 
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Corollary 3.3. Let ρ :S → A1 be an untwisted A1∗-fibration from an affine surface S onto
the affine line. Then the following conditions are equivalent.
(1) ρ is a unique untwisted A1∗-fibration over an affine curve.
(2) The fibration ρ has a minimal smooth completion p :V → P1 of ρ such that with the
notations in Lemma 2.2, each Hi satisfies that (D − Hi ·Hi) 3 for i = 1,2.
We shall give an example of an affine surface which admits an untwisted A1∗-fibration
ρ over the affine line and an untwisted A1∗-fibration ϕ over P1, where ρ satisfies the condi-
tions of Theorem 3.1.
Example 3.4. Let Σ1 be the Hirzebruch surface of degree 1 with the minimal section M1
and let p :Σ1 → P1 be the natural P1-bundle. We take distinct closed points P0, P1, P2, P∞
on the base P1 and denote p−1(Pi) by i for i = 0,1,2,∞. Let M be a cross-section such
that M ∼ M1 + . Set Qi = i ∩M for i = 1,2. Let σ1 :V1 → V be the blowing-up of two
points Q1, Q2 and let Ei be the (−1)-curve σ−11 (Qi) for i = 1,2. Let Ri := Ei ∩µ′1(i) for
i = 1,2. Take a point P on the irreducible component σ ′1(0) other than σ ′1(0) ∩ σ ′1(M1)
and σ ′1(0) ∩ σ ′1(M). Let σ2 :V2 → V1 be the blowing-up of the points R1, R2, P . Set
σ := σ1 ◦ σ2. Set S := V2 − (σ ′(0) + σ ′(∞) + σ ′(M1) + σ ′(M) + σ ′2(E1) + σ ′(2)).
Hence S is an affine surface. Let p˜ :V2 → P1 be a P1-fibration induced by p and let ρ
be the restriction of p˜ onto S. Then the untwisted A1∗ fibration ρ satisfies the conditions
of Theorem 3.1. Furthermore, the complete linear system |σ ′(M1) + σ ′(2) + σ−12 (R2)|
defines a P1-fibration Φ :V → P1. Restricting the morphism Φ on S. Then we have an
untwisted A1∗-fibration ϕ :S → P1. So, we obtain another desired A1∗-fibration over the
projective line.
4. A1∗-fibrations as the quotient morphisms of Gm-actions
In many examples, untwisted A1∗-fibrations appear as the quotient of Gm-actions. In this
section, we shall give a necessary and sufficient condition for a given A1∗-fibration to be
the quotient morphism of a Gm-action.
Let S = Spec(A) be an affine surface with a Gm-action σ . Then the action corresponds
to a k-algebra homomorphism
σ ∗ :A → A[t, t−1],
or equivalently, to a grading
A =
∞⊕
An, An =
{
f ∈ A | f (tw) = tnf (w)},n=−∞
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A>0 :=⊕n=∞n=1 An = 0.
From this section on, we tacitly assume that any Gm-action σ on a surface V is effective.
In [2], Fieseler and Kaup classified Gm-actions on an affine surface as explained now.
A Gm-action on an affine surface S = Spec(A) is called elliptic if A<0 = 0 and A0 = k,
parabolic if A<0 = 0 and dim(A0) = 1, and hyperbolic if A<0 = 0.
Let S = Spec(A) be an affine surface with a Gm-action σ . Let F be the fixed point set
of the action σ . Let S∗ := S − F and let
B :=
{
Proj⊕∞n=0 An if σ is elliptic,
Spec(A0) otherwise.
Let ρσ :S∗ → B (respectively ρσ :S → B) be the natural quotient morphism in the elliptic
case (respectively otherwise). In the elliptic case, S∗ is not affine, and B is a projective
curve. Furthermore, the general fibers of ρσ are isomorphic toA
1∗ if σ is elliptic,
A1 if σ is parabolic,
A1∗ if σ is hyperbolic,
and any singular fiber of ρσ is of the form{
mA1∗ (m 2) if σ is elliptic,
m1A1 +m2A1 (m1  1,m2  1) or mA1∗ (m 2) if σ is hyperbolic.
Here we denote by mA1∗ a divisor mC, where C ∼= A1∗, and m1A1 +m2A1 a divisor m1C1 +
m2C2, where C1 and C2 are irreducible components such that C1 ∼= C2 ∼= A1, and C1 and
C2 meet transversally each other in a single point. In the parabolic case, since the fixed
point locus F is a cross-section of the A1-fibration ρσ , there are no singular fibers.
We shall show that if σ is hyperbolic then ρσ is an untwisted A1∗-fibration. In order to
prove it, we use the following Lemma 4.1 due to Orlik and Wagreich [12].
Lemma 4.1. If Gm acts on an affine variety V , then there exists an invariant Zariski open
subset U , equivariantly isomorphic to U0 × A1∗, where
(1) U0 is affine, and
(2) Gm acts on U0 × A1∗ by translation on the second factor.
From Lemma 4.1, we can conclude the following result.
Lemma 4.2. Let S be an affine surface with a hyperbolic Gm-action σ . Let ρσ :S → B be
the natural quotient morphism by σ . Then ρσ is an untwisted A1∗-fibration.
Proof. By the above Lemma 4.1, there exists an invariant Zariski open subset U satisfying
(1) and (2). Hence the following diagram is commutative
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ι
p
S
ρσ
U0
ι0
B
where p is the natural projection to the second factor, ι and ι0 are open immersions.
Since the Gm-action σ is hyperbolic, the general fibers of ρσ are isomorphic to A1∗. So,
ρ−1σ (U0) = U . Thus we know that the generic fiber of ρσ is A1k(B),∗ and ρσ is an untwisted
A1∗-fibration. 
We shall characterize an untwisted A1∗-fibration on an affine surface arising from a
Gm-action in terms of the singular fibers of the untwisted A1∗-fibration. For the purpose,
we need the following lemma due to Rynes [13].
Lemma 4.3. Let S be an affine surface with a hyperbolic Gm-action σ . Let ρσ :S → Bσ be
the natural quotient morphism by σ . Then there is a projective surface V with a Gm-action
τ on V such that the natural P1-fibration p :V → C over a projective curve given by τ
satisfies the following conditions, where we denote by D the reduced effective divisor on
V such that Supp(D) = V − S.
(1) The dual graph of each singular fiber of p is a linear chain. Furthermore, each sin-
gular fiber of p links between two cross-sections of p outside of S, and both terminal
components of the singular fiber are combined with the cross-sections.
(2) D = H1 +H2 +∑ri=1 Fi , where H1 and H2 are mutually disjoint cross-sections of p,
each Fi is contained in a fiber of p, and p(Fi) = p(Fj ) if i = j .
(3) There are no (−1)-components of Fi .
We call such a pair (V , τ ) a Gm-equivariant minimal smooth normal completion of
(S,σ ) and write simply as pσ :V → C.
Lemma 4.4. Let ρ :S → B be an untwisted A1∗-fibration from an affine surface onto an
affine curve B . Then the following conditions are equivalent to each other.
(1) There exists a hyperbolic Gm-action σ on S such that the associated A1∗-fibration ρσ
coincides with ρ.
(2) No connected component of any singular fiber of ρ is isomorphic to the affine line.
Proof. By Lemma 4.3, the condition (1) implies the condition (2).
Assume the condition (2). Then there exists a smooth minimal normal completion
p :V → P1 of ρ such that the dual graph of every singular fiber is a linear chain. Let
D be the reduced effective divisor on V such that
Supp(D) = (V − S)∪
n⋃
p−1(Pi),
i=1
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1 i  n. Let Γ be the dual graph of D. By [12, Proposition 2.6], V admits a Gm-action σ
associated with the graph Γ such that p is the quotient morphism π of V by σ . We denote
the restricted action of σ on S by τ . Since the general fibers of ρ are isomorphic to A1∗,
τ is hyperbolic. 
5. Affine surfaces with two independent Gm-actions
In this section, we shall classify affine surfaces with two independent Gm-actions. Here
we mean that Gm-actions σ , τ on an affine surface are independent if the general orbits of
σ and τ intersect transversally. For this purpose, we need the following result.
Theorem 5.1. Let S be an affine surface with κ = 0. If S admits two independent hyperbolic
Gm-actions σ and τ . Let ρσ :S → Bσ and ρτ :S → Bτ be the natural quotient morphisms
corresponding to σ and τ . Then the following assertions hold true.
(1) Bσ ∼= A1∗ and Bτ ∼= A1∗.
(2) S ∼= A1∗ × A1∗.
Proof. Let σ and τ be the general fibers of ρσ and ρτ . Since σ and τ meet transver-
sally, τ dominates Bσ . Hence κ(Bσ )  0. Since Bσ is affine, Bσ is isomorphic to A1∗
or A1. Here we claim that Bσ and Bτ are isomorphic to A1∗. Suppose that Bσ is isomorphic
to A1.
Let pσ :V → P1 be a Gm-equivariant completion of ρσ as specified in Lemma 4.3.
Take a singular fiber F of pσ . Since the dual graph of F is a linear chain, we write the
irreducible decomposition of Fred as Fred = D1 +· · ·+Dr so that (H1 ·D1) = (D1 ·D2) =
(D2 · D3) = · · · = (Dr−1 · Dr) = (Dr · H2) = 1. Note that any singular fiber F ′ of ρσ
has the nonzero part Γ when we write F ′ = Γ + ∆ as in Lemma 2.5. Hence one of the
following cases can occur.
(α) There is only one component Di0 of F (1 < i0 < r) which intersects S and the others
are contained in the boundary divisor D.
(β) There are exactly two components Di0 and Di0+1 (1 < i0 < r − 1) which intersect S
and the others are contained in the boundary divisor D.
(γ ) There are exactly two components Di0 and Di0+1 (i0 = 1 or i0 = r−1) which intersect
S and the others are contained in the boundary divisor D.
In the case of type (β), by contracting one of the components Di0 and Di0+1 of F
first and subsequently exceptional curves, we make F a singular fiber of type (α). In
the case of type (γ ), we can contract F a smooth fiber which intersects S. Note that
these contractions do not affect the κ(S). By these contractions, we obtain an untwisted
A1∗-fibration which satisfies the conditions of Lemma 2.3. Since the obtained untwisted
A1∗-fibration is parametrized by A1, ρσ has at least two singular fibers of type (α) or (β).
Hence the horizontal components H1 and H2 of D satisfy that (D − Hi · Hi)  3 for
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affine curve. So σ and τ are not independent. This is a contradiction. Similarly, Bτ is
isomorphic to A1∗. The assertion (1) is thus verified.
We shall next prove the assertion (2). Since Bσ is isomorphic to A1∗, the P1-fibration pσ
has two (full) smooth fibers, say L0 and L∞, lying outside of S. Let τ be the closure of τ
on V , and let Λ be the linear pencil on V defined by τ . Hence τ is a member of Λ. Our
proof depends on analyzing the base points of Λ. Note that (τ ·L0) > 0 and (τ ·L∞) > 0
because τ is transversal to σ . We consider the following three cases separately.
(1) Λ has no base points.
(2) Λ has only one base point P on one of L0 and L∞, say L0. Λ has no base points
on L∞.
(3) Λ has base points P , Q on L0, L∞, respectively. Note that the two base points do not
lie on the same full fiber. If two base points lie on L∞, the general members of Λ have
to pass through L0. Then the general fibers of ρτ have at least four points at infinity.
This contradicts that ρτ is an untwisted A1∗-fibration.
(1) Both L0 and L∞ are cross-sections of Λ because a general member of Λ has a
moving one-place point on each of L0 and L∞. Let F be a singular fiber of pσ . Then F
has type (γ ), for the component(s) of F meeting S has multiplicity larger than 1 for other
types. With the previous notations, suppose that D1 and D2 have non-empty intersection
with S. Then D1 has multiplicity 1 and D2 has multiplicity > 1. Since (L0 · τ ) = 1,
it follows that τ meets D1 transversally. Now consider the fibration ρτ and its fiber G
containing D2 ∩ S. Since ρτ has no fibers isomorphic to A1 (cf. Section 4), the fiber G
contains an irreducible component D′2 ∩S (D′2 being a complete curve on V ) which forms,
together with D2 ∩ S, a singular fiber of m1A1 + m2A1. Here D′2 is transversal to the
fibration pσ . Hence D′2 meets both L0 and L∞. Then D′2 ∩S is not isomorphic to A1. This
is a contradiction. Hence pσ has no singular fibers, and D = L0 + L∞ + H1 + H2. So, S
is isomorphic to A1∗ × A1∗.
(2) Suppose that P = H1 ∩ L0 and P = H2 ∩ L0. Let µ :W → V be the shortest suc-
cession of blowing-ups with centers at P and its infinitely near base points such that µ′(Λ)
is free of base points. Let q :W → P1 be the P1-fibration defined by µ′(Λ). Then µ′(H1),
µ′(L0) and µ′(H2) belongs to one and the same fiber, say G by abuse of the notations.
Note that (G · µ′(L∞)) (µ′(H1) · µ′(L∞)) + (µ′(H2) · µ′(L∞)) 2. But this is a con-
tradiction because µ′(L∞) is a cross-section of q .
So, we may assume that P = H1 ∩ L0. Let µ and q be the same as above. By the
argument as above, we know that µ′(H1) belongs to a fiber of q which is different from
the one to which µ′(L0) and µ′(H2) belong. This implies that the exceptional curves of
µ form a linear chain whose end components meet µ′(L0) and µ′(H1). These exceptional
curves together with µ′(L0) form a degenerate fiber µ∗(L0) of pσ ◦ µ :W → P1. Let
Es be the last (−1)-curve. Then Es is a cross-section of q . Since (µ∗(L0) · µ′(τ )) =
(µ∗(L∞) · µ′(τ )) = (L∞ · τ ) = 1, the multiplicity of Es in µ∗(L0) must be equal to
one. This implies that the µ-exceptional curves E1 + · · · + Es of µ∗(L0) are arranged in
such a way that (µ′(L0) ·E1) = (E1 ·E2) = · · · = (Es−1 ·Es) = (Es ·µ′(H1)) = 1. Hence
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of µ′(L0), E1, . . . , Es−1 in this order. Then pσ ◦µ◦ν−1 :V ′ → P1 is a (Gm,σ )-equivariant
minimal smooth normal completion of ρσ such that ν∗(µ′(Λ)) has no base points. So, we
are done by the case (1).
(3) Let µ :W → V be the shortest succession of blowing-ups with centers at P , Q and
their infinitely near points such that µ′(Λ) has no base points. Let Es (respectively Ft ) be
the last (−1)-curve appearing from P (respectively Q). Let q :W → P1 be the P1-fibration
defined by µ′(Λ). Then Es and Ft are cross-sections of q . We consider the following four
subcases separately.
(3-1) P /∈ H1 ∪H2 and Q /∈ H1 ∪ H2.
(3-2) P ∈ H1 ∪H2, say P = L0 ∩H1, and Q /∈ H1 ∪ H2.
(3-3) P = L0 ∩H1 and Q = L∞ ∩ H1.
(3-4) P = L0 ∩H1 and Q = L∞ ∩ H2.
The other cases are reduced to the above cases.
(3-1) The components µ′(L0), µ′(L∞), µ′(H1) and µ′(H2) then belong to one and the
same fiber of q . But this is impossible because these four components form a loop (cf.
Lemma 2.1).
(3-2) Either one of the following cases occur.
(3-2-1) µ′(L0)+µ−1(P ) +µ′(H1) is not a linear chain.
(3-2-2) µ′(L0)+µ−1(P ) +µ′(H1) is a linear chain.
The case (3-2-1) is impossible by the same reason as in the case (3-1). In the case
(3-2-2), µ′(L0)+(µ−1(P )−Es)+µ′(H1)+µ′(L∞)+µ′(H2) belong to one and the same
fiber of q , which meets the cross-section Es in more than one point. This is a contradiction.
(3-3) and (3-4). We handle these two cases by the same arguments. We employ the same
notations µ :W → V , q :W → P1, Es and Ft as in the case (3-2) after due modifications of
the situations. Let F˜0 (respectively F˜∞) be the fibers of pσ ◦µ :W → P1 containing µ′(L0)
(respectively µ′(L∞)). By the same argument as in the case (3-2), we know that µ′(L0)+
µ−1(P ) + µ′(H1) and µ′(H1) + µ−1(Q) + µ′(L∞) (respectively µ′(L0) + µ−1(P ) +
µ′(H1) and µ′(H2) + µ−1(Q) + µ′(L∞)) are linear chains in the case (3-3) (respectively
the case (3-4)). Then the dual graphs of F˜0 and F˜∞ are linear chains. Write (F˜0)red =
F˜01 + Es + F˜02 and (F˜∞)red = F˜∞1 + Ft + F˜∞2, where F˜0i and F˜∞i are connected for
i = 1,2, and F˜j1 ∩µ′(H1) = φ and F˜j2 ∩µ′(H2) = φ for j = 0,∞. By contracting (−1)-
curves, we may assume that F˜ji contains no (−1)-components for i = 1,2 and j = 0,∞.
Then F˜01 +µ′(H1)+ F˜∞1 (respectively F˜02 +µ′(H2)+ F˜∞2) supports a degenerate fiber
G1 (respectively G2) of q . Note that in the case (3-3), µ′(L0) and µ′(L∞) are irreducible
components of G1, and on the other hand in the case (3-4), µ′(L0) (respectively µ′(L∞))
is an irreducible component of G1 (respectively G2). Since ρτ is parametrized by A1∗, G1
and G2 are full fibers of q . Hence, in both cases (3-3) and (3-4), we know that µ′(H1)
(respectively µ′(H2)) is a unique (−1)-component of G1 (respectively G2).
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by the linear chain F˜01 + Es + F˜02 at its both ends and also connected by the linear chain
F˜∞1 +Ft + F˜∞2 at its both ends. Note that the (−1)-component Es does not meet µ′(H1)
nor µ′(H2). In fact, if Es meets one of the sections µ′(H1) and µ′(H2), say µ′(H2), then
F˜02 = 0, the multiplicity of Es in F˜0 is one and thus F˜01 contains a (−1)-component. This
is a contradiction. Now, we can make the fiber F˜0 smooth by contracting components of F˜0
and its proper transforms in the following way. We first contract the unique middle (−1)-
component Es of F˜0, and then two cases can occur that the image of both side components
of Es are (−1)-curves and not so. In the former case, by contracting one of the obtained
(−1)-curves, we can make F˜0 a smooth fiber. Note that, when this case occurs, the obtained
(−1)-curves form a link between the image of µ′(H1) and µ′(H2). On the other hand, in
the latter case, noting that the unique (−1)-component of the image of F˜0 does not meet
the image of sections µ′(H1) nor µ′(H2), we return to a similar situation as in the first
step of contractions, and thus we can repeat the above argument by contracting a unique
middle (−1)-component of the image of F˜0 until we reach the former case. In this case, by
successively contracting middle components of F˜0 and its proper transforms and finally a
(−1)-component which meets the image of µ′(H1), we can make F˜0 a smooth fiber. Now
let ν :W → V be a succession of blowing-downs of the components of F˜0 and F˜∞ stated
as above so that F˜0 and F˜∞ are smooth fibers. This is a (Gm, σ )-equivariant contraction,
and V is a smooth normal completion of (S,σ ).
By the above arguments, we have
(
ν∗
(
µ′(H1)
)2)+ (ν∗(µ′(H2))2)= (µ′(H1)2)+ (µ′(H2)2)+ 2 = 0.
Denote anew ν∗(µ′(H1)) and ν∗(µ′(H2)) by H1 and H2 respectively. Note that H1 and
H2 are cross-sections of the P1-fibration pσ :V → P1 obtained from pσ , and that we have
(H 21 )+ (H 22 ) = 0. Suppose that pσ contains singular fibers. Then we can blow-down extra
components in the singular fibers to make a minimal P1-fibration for which the images H 1
and H 2 of H1 and H2 are disjoint from each other. From the view point of contractions,
we have (H 21) + (H 22) > 0, while (H 21) + (H 22) = 0 from the view point of mutually dis-joints cross-sections of the Hirzebruch surface. This is a contradiction. Hence there are no
singular fibers in the fibration pσ . So, S is isomorphic to A1∗ × A1∗. 
Our next purpose is to prove Theorem 5.7 stated below. For this purpose, we need to
prepare several easy lemmas.
Lemma 5.2. Let S be an affine surface. Let σ be a parabolic Gm-action on S. Let Fσ be
the fixed point set of σ . If Fσ is isomorphic to A1(r) with r  0, then S is isomorphic to
A1(r) × A1.
Proof. In the case where σ is a parabolic Gm-action, there are no singular fibers in the
associated A1-fibration (cf. Section 4). Hence the A1-fibration is an A1-bundle. Since the
above curve is isomorphic to A1
(r)
, it splits. 
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from S onto an affine rational curve. Then B is isomorphic to A1.
Proof. If B is not isomorphic to A1, then pg(S) > 0, by [8, Lemma 2.1.3]. This contradicts
the hypothesis that κ(S) = −∞. 
Lemma 5.4. Let S be an affine surface with two independent Gm-actions σ1, σ2. If σ1 is
parabolic. Then S is isomorphic to A2 or A1 × A1∗.
Proof. Let ρσ1 :S → B be the natural quotient morphism given by σ1. Since the general
orbits of σ2 dominate B , the base curve B is an affine rational curve with κ(B) 0. Hence,
B is isomorphic to A1 or A1∗. Now, we know that, by Lemma 5.2, S is isomorphic to A2 or
A1 × A1∗. 
The following result is due to Rynes [13].
Lemma 5.5. Let S be an affine surface with an elliptic Gm-action. Then S is isomorphic
to A2.
We need one more lemma to determine the structure of affine surfaces with two inde-
pendent Gm-actions.
Lemma 5.6. Let S be an affine surface with κ(S) = −∞. Suppose that there are two
independent hyperbolic Gm-actions σ and τ . Then either S has an A1-fibration over the
affine line with only one singular fiber, or S is isomorphic to A1 × A1∗.
Proof. Let ρσ :S → Bσ be the natural quotient morphism by σ . By Lemma 4.2, ρσ is
untwisted. By Lemma 5.3, Bσ is isomorphic to the affine line. Let pσ :V → P1 be a
Gm-equivariant minimal smooth normal completion of ρσ . Hence the dual graph of the
singular fibers of pσ are linear chains. Since κ(S) = −∞, it follows from Lemma 2.3 that
there is at most one singular fiber of ρσ which is of type mA1∗ with m> 1. If there is a sin-
gular fiber of type m1A1 + m2A1, one of the A1 is the intersection of a (−1)-component
of a fiber of pσ with S. In such a case, contract the (−1)-component and subsequently
exceptional components of F , and apply Lemma 2.3. This process does not change κ(S)
by Lemma 2.4. Note that if such a fiber mA1∗ is embedded into the singular fiber F of pσ ,
both of the terminal components of F are outside of S.
With the notations of Lemma 4.3, we shall show that one of the horizontal components
H1 and H2 is not a branching component of D. For otherwise, the untwisted A1∗-fibrations
associated with σ and τ are the same (cf. Theorem 3.1), which contradicts the indepen-
dence of Gm-actions σ and τ . Without loss of generality, we may assume that H2 is not a
branching component of D. So, (H2 ·D −H2) 2.
In order to show that S is isomorphic to either A1 × A1∗ or has an A1-fibration over the
affine line, we consider the following cases separately.
(1) (Hi ·D −Hi) = 1 for i = 1,2, and ρσ has no singular fiber.
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(3) (H1 · D − H1) 2 and (H2 · D − H2) = 1.
(4) (H1 · D − H1) = 2 and (H2 · D − H2) = 2.
(5) (H1 · D − H1) 3 and (H2 · D − H2) = 2.
In the case (1), ρσ is an A1∗-bundle over the affine line because ρσ has no singular fibers.
Hence, S ∼= A1 × A1∗.
Let L∞ be a smooth fiber of pσ lying outside of S. In the cases (2) and (3), H2 is an
end component of D, i.e., a tip of the dual graph of D. We may assume (H 22 ) = 0 after
suitable elementary transformations with center L∞. Then |H2| gives rise to an A1-fib-
ration ϕ :S → B , where L∞ is a cross-section of ϕ lying on the boundary at infinity. We
claim that B is isomorphic to A1. In fact D − (H2 + L∞) is contained in a member of
|H2|, but D − (H2 + L∞) does not support fully the member because of the additional
assumptions in the cases (2) and (3).
In the cases (4) and (5), the idea of the proof is similar to the above cases. Since
(H2 · D − H2) = 2, there is a singular fiber F of pσ such that Fred is written as
Fred = F (1) + E + F (2), where F (1) and F (2) are connected, F (2) ⊂ D, F (2) ∩ H2 = φ
and E is the sum of irreducible components of F meeting S. Note that F (2) + H2 is a
linear chain. Let A be a terminal component of F (2) + H2 such that (A · E) = 1 and let
A′ be a component of F (2) + H2 such that (A · A′) = 1. We may assume (H 22 ) = 0 as
above. Then we may assume, after making blowing-ups and blowing-downs with centers
on F (2) + H2, that (A2) = 0 (cf. [8, page 17]). Then the linear pencil |A| gives rise to
an A1-fibration ϕ :S → B as in the previous cases. The curve B is isomorphic to A1∗ or
A1 according as D − (A + A′) supports fully a member G of |A| or not. In particular,
if B ∼= A1∗, we have S ∼= A1 × A1∗ because there are no singular member of |A| other
than G. 
Summarizing the above arguments, we have the following result.
Theorem 5.7. Let S be an affine surface with two independent Gm-actions. Then S
is isomorphic to A1∗ × A1∗, A1 × A1∗ or a smooth affine surface with an A1-fibration
over A1.
Proof. If S admits an elliptic Gm-action, S is then isomorphic to the affine plane A2,
by Lemma 5.5. So, we may assume that S has no elliptic Gm-actions. If S admits a
parabolic Gm-action, S is then isomorphic to A1∗ × A1, by Lemma 5.4. Hence we con-
sider the case where S has two independent hyperbolic Gm-actions. Note that κ(S)  0.
In fact, since S admits a A1∗-fibration, κ(S)  1 by [5, Theorem 11.9]. If κ(S) = 1,
S admits a unique A1∗-fibration by [10, page 251, Lemma 4.10.3.]. Since S has two
independent untwisted A1∗-fibrations, we know κ(S)  0. If κ(S) = 0, we know by
Lemma 5.1 that S is isomorphic to A1∗ × A1∗. If κ(S) = −∞, we know by Lemma 5.6
that S is isomorphic to A1 × A1∗, or has an A1-fibration over A1 with only one singular
fiber. 
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